Many materials of interest are polycrystals, i.e. aggregates of single crystals. Randomly distributed orientations of single crystals lead to macroscopically isotropic properties. Here, we briefly review strategies of calculating effective isotropic second and third order elastic constants from the single crystal ones. Our main emphasize is on single crystals of cubic symmetry. Especially the averaging of third order elastic constants has not been particularly successful in the past, and discrepancies have often been attributed to texturing of the polycrystal as well as to uncertainties in the measurement of elastic constants of both poly and single crystals. While this may well be true, we point out here also shortcomings in the theoretical averaging framework.
Definition of elastic constants
Assuming no internal torques are present in a crystal, it has been argued that a crystal potential (being rotation and translation invariant) depends only on the Murnaghan strain tensor which is symmetric in its indices (see e.g. [1, p. 74] , [2, p. 32] , [3] ). Taylor expanding such a crystal potential in the continuum approximation yields elastic constants with complete Voigt symmetry as its expansion coefficients. To third order in the strains we get
where
is the finite strain tensor of Murnaghan [4] (also known as Lagrangian strain or the GreenSaint-Venant strain tensor [e.g. 5, p. 15]), summation over repeated indices is implied, and u i,j = ∂ j u i denote the gradients of the continuous displacement field u i . The linear order term is subsequently eliminated by the equilibrium condition at zero strain (for simplicity we assume here zero initial stress),
The elastic constants C are clearly symmetric in all index pairs and also invariant under exchange of any index pair. The stress tensor is then derived by σ ij = ∂Φ ∂η ij = C ijkl η kl + 1 2 C ijklmn η kl η mn + . . . (1.4) and the inverse strain-stress relation is found to be
where Ψ = σ ij η ij − Φ denotes the Legendre transform of the crystal potential. Thus, the crystal potential (or strain energy) Φ(η ij ) depends on the strains η ij whereas its Legendre transform, the complementary energy Ψ(σ ij ), depends on the stress tensors, and each of these energies can be subsequently Taylor expanded in their respective arguments. Presently, we truncate these expansions at next to leading order so that we may treat third order elastic constants in addition to the second order ones. The coefficients S are known as "elastic compliances", and from Eqs. (1.4), (1.5) the following relations are straightforwardly derived [6, 7] :
In general, there are 21 second order elastic constants (SOEC) and 56 third order elastic constants (TOEC) [8] . These numbers are reduced by the actual crystal symmetry. For example, if we consider isotropy, the number of elastic constants is reduced to 2 second and 3 third order constants which are most often parametrized in terms of two Lamé constants λ, µ and three Murnaghan constants l, m, n. Polycrystals consist of randomly distributed grains of single crystals and can be characterized as "quasi-isotropic". Hence, one may try to derive effective isotropic elastic constants for polycrystals by averaging over the elastic constants of the single crystal grains. Unfortunately, there is no unique way of doing this [6, 7, 9, 10] , and none of the averaging procedures in the literature reproduce the measured effective isotropic third order constants of polycrystals very well [7] . The situation is further complicated by the fact that many polycrystals can become less isotropic under a variety of conditions, such as when stress is applied, because their grains get aligned to some degree, i.e. they become what is known as textured polycrystals, see e.g. [11, pp. 1-9] or [7, 12] .
Voigt and Reuss averaging of third order elastic constants
Assuming that all single crystals in a polycrystal are in the same state of strain, Voigt derived the following averaging procedure [13] , [14, pp. 954-964] : Demanding that the following two invariants of the SOEC do not change by the averaging one gets two equations for the two effective Lamé constants: . In using these rotation invariants, one avoids explicitly integrating over all directions. The same can be done for the third order constants using the additional three invariants
For example, if the single crystals are of cubic type, these five equations become 44 ,
for SOEC and TOEC 2 . At second order, the Voigt and Reuss averages yield bounds on the actual effective Lamé constants. Therefore, in taking the mean of both averages some improvement may be achieved [19] . In particular, one always has λ R > λ V and µ V > µ R . This can be easily seen by rewriting µ V and µ R in terms of Zener's anisotropy ratio, A := 2c 44 /(c 11 − c 12 ), and taking their difference:
i.e. since both c 44 and A are positive, µ V − µ R is always greater than zero 3 . The second relation, λ R > λ V , then immediately follows from λ = K − 2µ/3 together with K V = K R (which we show below). At third order, unfortunately, the two averages (Voigt and Reuss) do not yield bounds on the true average in a polycrystal limiting their usefulness. In Tables 3 and 4 we compare Voigt and Reuss averages, respectively, using single crystal data listed in Table 1 to experimental values for polycrystals listed in Table 2 . We have chosen a selection of cubic fcc and bcc crystals with anisotropy factors ranging from 0.5 < A < 3.27 due to availability of both single crystal and polycrystal data: They are aluminum, copper, iron, and niobium.
It has also been known for some time that a particular combination of the second order constants, the bulk modulus K = λ+2µ/3, is uniquely defined [9] in terms of cubic single crystal constants, i.e. K V = K R . The reason is actually quite simple: The bulk modulus describes the materials reaction to isotropic pressure at second order, i.e. σ ij = σδ ij with σ = −P . The symmetry properties of the elastic constants entering the two expansions (1.4), (1.5) for cubic symmetry immediately yield strains of the same tensorial form: η ij = ηδ ij . Hence, inserting these special cases of strain and stress and taking the trace we get the following simpler set of equations:
We therefore find the relations
9)
2 A number of authors studied Reuss averaged TOEC for cubic crystals, see e.g. [7, 9, 15, 16] .
3 Tables 1, 3 , and 4 highlight this property for four metals: Al, Cu, Fe for anisotropy ratio A > 1, and Nb for A < 1. In all these cases we find µ [20] , those for Cu are taken from [21] , those for Fe are taken from [22] and [23] , and those for Nb are taken from [24] . Whenever uncertainties were given in the references, we have printed them in the −620 ± 10 −770 ± 10 −220 ± 30 n[GPa] −345 ± 4 −1590 ± 20 −1520 ± 10 −300 ± 20 Table 2 : We list the experimental values for polycrystals which we compare our averages to. The Lamé constants were taken from Refs. [6] , [25, p. 10] . The Murnaghan constants for Cu and Fe were taken from [26] , those for Al were taken from Reddy 1976 as reported by Wasserbäch in Ref. [27] , and those for Nb were finally taken from [24] . Uncertainties (as given in those references) are listed as well.
Al
Cu which tell us that two of the five invariants used in the Voigt averaging are related to their counterparts in Reuss averaging. In particular, I 1 and I 3 are related to J 1 and J 3 , telling us that two linear combinations of the five effective isotropic constants are uniquely defined. In particular, for isotropic elastic constants C iikk = I 1 = 9K is proportional to the bulk modulus reproducing the known result above. What is equally trivial to derive, but seems not to be so Table 4 : We list the Reuss averages for polycrystals using the single crystal data presented in Table 1 .
well known is the fact that due to the second relation in (2.9) above, the combination of TOEC
is also uniquely defined [9] for cubic single crystals. Hence, the problem of finding good averages for TOEC for polycrystals whose grains are crystals of cubic symmetry reduces to finding two of the three effective Murnaghan constants.
In Table 5 we compare these uniquely defined averages to their experimental counterparts. We see that the averages for the bulk modulus agree fairly well, while the averages for the combination of TOEC, (l + n/9), is merely in the ballpark of the corresponding experimental values, and part of the discrepancies can be attributed to experimental uncertainties [6, 7, 27] . The agreement here, however, is significantly better than for some of the other averaged TOEC, see Tables 3, 4 Table 5 : We compare averaged to experimental values for the bulk modulus K = λ + 2µ/3 as well as for the corresponding third order quantity l + n/9 to experimental values using the single crystal data presented in Table 1 and the polycrystal data presented in Table 2 . Note that all averaging schemes discussed above lead to the same numbers for the quantities in this table.
Improved averaging procedures of elastic constants
For SOEC, there exist improved bounds derived by Hashin and Shtrikman, see Ref. [28] [29] [30] . Additionally, a "self-consistent" method was developed by Hershey [31] and Kröner [32] using an earlier result by Eshelby [33] for SOEC (see also Ref. [34, pp. 421-439] and [11, pp. 282-324] ). Lubarda [6] later extended this method to what he calls the "semi-self-consistent" method for TOEC. An alternative method based on simulating clusters of crystallites was presented in [35] . See also [7, 10, 36] for recent treatments of averaged elastic constants for polycrystals and additional references.
We now revisit Lubardas treatment (which is based on the works of Hershey and Kröner) of polycrystals whose single crystals have cubic symmetry. The crucial observation is that in departing from isotropy also the strains receive corrections, i.e. η ij = η 0 ij + δη ij in the expansion (1.4) above. Using the simplifying assumption that the strain in a single crystal of a polycrystalline aggregate is proportional to the applied strain, one finds [6] 
where a i , b i , c i are the orthogonal unit vectors along the principal cubic axis. Note that h is proportional to the anisotropy factor (c 11 − c 12 − 2µ) of the second oder elastic constants and hence goes to zero in the isotropic limit. Using the corrected strains above, one defineŝ
and we now have to equate the invariants ofĈ to their isotropic counterparts along the lines of the previous section. The second order hatted elastic constant have the form
leading to the invariantsĈ iikk = 3(c 11 + 2c 12 ) , C ikik = 3(c 11 + 2c 44 ) + 6h(2c 44 
where we used 4
Notice thatĈ iikk = C iikk since this quantity is proportional to the bulk modulus, i.e. this new averaging scheme will again lead to the same value for the bulk modulus as before (as it should be). Hence, as before λ is given in terms of the averaged bulk modulus and µ, i.e.
Furthermore, Eq. (3.4) leads to the following cubic equation for the average of µ (first derived by Kröner [32] , see also [6] ):
Only one of the three solutions is a positive real for c 11 > c 12 > c 44 > 0, and hence the present method yields a unique solution for the averaged polycrystalline Lamé constants. At third order, Lubarda [6] considers the following three invariants to derive his solution for the averaged Murnaghan constants: C iijjkk , C kkijij , and C ijkijk . The first of these invariants is independent of h and (as expected) yields once more the same average as Eq. (2.10).
The other two invariants then yield averages for the remaining two elastic constants. However, this set of invariants is not unique: Because of howĈ ijklmn was defined in Eq. (3.2) it no longer has Voigt symmetry in the sense that exchanging the first index pair with any other does not lead to the same expression. Therefore, C kkijij = C ijijkk and it makes a difference whether the first or one of the other two index pairs is traced. The author of Ref. [6] chooses to trace the first index pair leading to corrections which are second order in h, whereas if one were to trace one of the other index pairs, the corrections would be only linear in h (and half the value of the other case to linear order).
Another point of criticism is that the corrections which are second order in the anisotropy h are kept rather than discarded in Ref. [6] : Since the starting point of the present derivation, Eq. (3.1), was based on linear order corrections to the strain, one should consistently discard all higher order terms in h.
Similar considerations apply to the compliances approach including linear corrections to the stress field: Once more the third order hatted compliances loose Voigt symmetry leading to four instead of three invariants, two of them depending on h 2 which should be discarded.
Thus, the averaging procedure for TOEC of Ref. [6] is really a collection of possible averaging procedures, all leading to different results. Furthermore, none seem to agree any better with experiments than the Voigt or Reuss averages, i.e. depending on the material and which of the three Murnaghan constants is compared, any one of these averaging procedures may perform "best". Some of the discrepancies have in the past been attributed to texturing [7] . In fact, the authors of Ref. [7] have even gone so far as to propose to take the simple Hill average (i.e. the mean between Voigt and Reuss averages) since none of the previously proposed averaging schemes have been particularly successful in reproducing TOEC of polycrystals. On top of these difficulties, the experimental data both for polycrystals and single crystals is wrought with uncertainties for TOEC [6, 7, 27] . Additionally, the single crystal data listed in Table 1 were measured using a method developed in Ref. [37] and do not take into account later improvements of Refs. [38, 39] (which appeared years after those measurements). Hence, those single crystal data are likely to contain significant systematic errors [40] [41] [42] .
In Table 6 we present the averages computed according to Lubardas method. Table 6 : We list the averages using Lubardas method [6] for polycrystals using the single crystal data presented in Table 1 .
A new averaging scheme
We now address some of the critical points raised above: In order to be consistent within the averaging scheme of Ref. [6] , the present author believes one should replace all strains in the potential (1.1) withH ijkl η kl and then vary w.r.t. η ij rather than η 0 ij . This way, the hatted elastic constants will have all their indices contracted with theH-tensor and hence will have Voigt symmetry, i.e.C
(3.8)
In the equations above, one should furthermore drop all terms which are higher order in h, i.e. all terms proportional to h 2 and h 3 should be discarded. In order to reproduce the previous results for the second order constants (assuming the method of Ref. [32] is correct), one additionally has to use the tensorH ijkl = H ijkl h→h/2 . The present averaging will differ from Lubardas (Ref. [6] ) only for materials with appreciable anisotropy in their SOEC. Due to the general difficulties mentioned above, one cannot, however, expect the current new averaging scheme to perform much better than the previous ones, and in fact comparing to data it is easily found to be comparable to them, as can be seen from the results presented in Table 7 . Table 7 : We list the averages for TOEC using the improvements suggested in the present paper for polycrystals using the single crystal data presented in Table 1 .
And Eq. (3.1) exhibits yet another shortcoming of the current averaging schemes for TOEC: In the corrections for the strain tensor only the anisotropy in the SOEC has been taken into account, but not the anisotropy in the TOEC. The latter would amount to including additionally a next-to-leading order correction in the strain. Thus, one might consider replacing η 0 ij in (3.1) with η 0 ij = H ijkl η kl + H ijklmn η kl η mn , as was suggested as a possible future extension of the averaging scheme in Ref. [6] .
Another point, which has been raised in the past, see Ref. [9] , is that even if the polycrystal does not have average rotation elements, the individual grains may well depend on rotational parts of the displacement gradients and this may also explain (part of) the discrepancies between averaged and measured effective TOEC. If this is true, comparison of averaged with measured effective isotropic elastic constants (using an appropriately generalized averaging scheme) might give us some information about rotation elements in the single crystal grains.
